The hysteresis behavior of a linear stroke magnetorheological damper is characterized for sinusoidal displacement excitation at 2.0 Hz (nominal). First, we characterize the linearized MR damper behavior using equivalent viscous damping and complex stiffness. Four different nonlinear modeling perspectives are then discussed for purposes of system identification procedures, including: (1) nonlinear Bingham plastic model, (2) nonlinear biviscous model, (3) nonlinear hysteretic biviscous model, and (4) nonlinear viscoelastic-plastic model. The first three nonlinear models are piecewise continuous in velocity. The fourth model is piecewise smooth in velocity. By adding progressively more model parameters with which to better represent pre-yield damper behavior, the force vs. velocity hysteresis model is substantially improved. Of the three nonlinear piecewise continuous models, the nonlinear hysteretic biviscous model provides the best representation of force vs. velocity hysteresis. The nonlinear viscoelastic plastic model is superior for purposes of simulation to the hysteretic biviscous model because it is piecewise smooth in velocity, with a smooth transition from pre-yield to post-yield behaviors. The nonlinear models represent the force vs. displacement hysteresis behavior nearly equally well, although the nonlinear viscoelastic-plastic is quantifiably superior. Thus, any of the nonlinear damper models could be used equally successfully if only a prediction of energy dissipation or damping were of interest.
Introduction
Electrorheological (ER) and magnetorheological (MR) fluids belong to the class of smart materials that have the unique ability to change properties when electric or magnetic field is applied. When field is applied to an ER or MR fluid, this change 1 is primarily manifested as a substantial increase in the dynamic yield stress of the fluid, while the viscosity remains relatively constant [1] . When compared to ER fluids, MR fluids have superior properties, including an order of magnitude higher yield stress, typically 50-100 kPa, and a much wider operational temperature range, typically -40 to 150 degrees C. High payoff may result by applying these materials in dampers for aerospace systems such as the lag mode damper for stability augmentation of helicopter rotor systems [2, 3] , dampers for landing gear to enhance crashworthiness [4, 5] , and shock and vibration isolation mounts for avionics packages.
This article presents a systematic procedure with which to analyze the hysteresis behavior of MR dampers. Because the rheological behavior of ER fluids is qualitatively similar to that of MR fluids [6] , these results can also be extended to ER dampers.
Damper testing
An experimental prototype of a magnetorheological (MR) linear stroke damper was provided by the Lord Corporation. A schematic of the nominal MR damper is shown in Fig. 1 , and its typical quasi-steady (constant) force vs. velocity behavior is shown in Fig. 2 . The hydraulic cylinder of the damper is nominally 102 mm (4 in) in length and 45mm (1.75 in) in diameter. As shown in Fig. 1 , the hydraulic cylinder houses the damper piston, in which is mounted a magnetic circuit. At the base and inside the hydraulic cylinder is a nitrogen accumulator that is used to pressurize the approximately 50 ml of MR fluid to above atmospheric pressure. This is a standard technique to prevent cavitation on the low pressure side of the piston while it is in motion. The MR fluid flows through an annular orifice in the piston head, where it can be activated by a current applied to the magnetic circuit.
The MR damper was tested for its steady state dynamic characteristics. The magnetic field was varied as measured by current, that is, current was applied in the range of 0 -0.7 A in increments of 0.1 A. The shaft of the damper was excited using sinusoidally varying displacements at amplitudes of ±1.25 mm, ±2.54 mm, ±5.08 mm, and ±7.62 mm, (±0.05, ±0.10, ±0.20, and ±0.30 inches) at a single frequency of Ω ≈ 2.0Hz. The operating conditions in the experimental experimental matrix are shown in Table 1 An Interlaken 100 kN (22 kip) servohydraulic testing machine was used to apply the desired damper shaft sinusoidal displacement. The MR damper was mounted in the testing machine using clevises at each damper end designed to prevent relative motion between the clevis pin and damper rod eye using a set screw arrangement. A smooth rod extended from the clevis and was inserted into the hydraulic collet grips of the testing machine. Under displacement control, the damper shaft was subjected to a sinusoidal displacement, and the resulting force and displacement were measured. 
Filtering of data
During each test, we measured nominally 20 cycles of force vs. displacement data and then calculated the force vs. velocity hysteresis cycles for each test condition. The hysteresis cycle data collected during each of the 32 experiments was acquired on a PCbased data acquisiton system and was unavoidably noisy. However, the independent displacement variable was sinusoidal, so that a periodic Fourier series was used to eliminate, as much as possible, the effects of this noise in the input displacement signal, and the subsequent differentiations to obtain the input velocity and acceleration signals. Essentially, the Fourier series expansion of the displacement was taken as [7] x(t) = a 0 2 + ∞ k=1 (X kc cos kΩt + X ks sin kΩt) (1) where
Here, the nominal excitation frequency was Ω ≈ 2.0Hz, and the N ≈20 cycles of hysteresis cycle data was truncated to a periodic sinusoidal signal of N =16 cycles duration. Careful calculation of the excitation frequency via comparison of the displacement signal data and its reconstructed signal using five harmonics, indicated that a more accurate value of the excitation frequency was Ω=1.95 Hz. These values of excitation frequency, Ω=1.95 Hz, and signal duration, N =16 cycles, are used in the remainder of the paper.
Calculating the displacement, velocity, and acceleration signals using a finite difference method tended to accentuate noise, especially in the acceleration signal. Instead, the displacement, velocity, and acceleration were calculated by differentiating the Fourier series expansion in Eq. 1. The force signal was not filtered because the damper response was nonlinear and it could not be determined a priori, exactly which harmonics contributed to the damper response and/or noise. Therefore, we conservatively used the measured (unfiltered) force data.
Experimental Results
Typical filtered hysteresis data, for a nominal displacement amplitude of ±5 mm, is shown in Fig. 3 . The plot shows the force vs. displacement (f (t) vs. x(t)) and the force vs. velocity (f (t) vs. v(t)) hysteresis cycles for applied input current of 0.1, 0.3, 0.5, and 0.7 Amperes, for a nominal sinusoidal displacement amplitude of 5 mm (0.2 in) and nominal excitation frequency of Ω=1.95 Hz.
Effect of magnetic field
As shown in Fig. 3a , as the applied current to the electromagnet is increased, the magnetic field increases, and hence the amount of damping also increases, which is represented by the area enclosed by the force vs. displacement hysteresis cycle. The Bingham plastic like behavior [8, 9] of the MR damper can be seen in the force vs. velocity hysteresis cycles as shown in Fig. 3b . Consider the high velocity asymptote of an individual force vs. velocity hysteresis cycle. If this asymptote is projected back to the force axis, this intercept gives the value of the yield force. It is easily seen that this yield force increases as the applied current (magnetic field) increases. When the damper restoring force is less than this yield force, the damper is said to be operating in the pre-yield region. When the restoring force is greater than the yield force, the damper is said to operating in the post yield region. The yield transtion occurs as the damper restoring force transitions through the yield force value.
Energy dissipation and equivalent viscous damping
Equivalent viscous damping is a standard linearization technique that could be applied to a nonlinear damper such as the MR damper. The damper restoring force, f (t), is proportional to damper shaft ve- where C eq is the equivalent viscous damping. A schematic of the resulting linearized force vs. velocity model is shown in Figure 4 .
The equivalent viscous damping, C eq , is computed by equating the energy dissipated over a cycle, E, at frequency Ω using (4) and equating the dissipated energy of the nonlinear device to that of an equivalent viscous damper
where Ω=1.95 Hz is the sinusoidal test frequency, and X 0 is the sinusoidal displacement input ampli- tude. The energy dissipated over one cycle is computed using the trapezoidal rule. We calculated equivalent viscous damping using the measured force vs. displacement hysteresis data, and the results are shown in Figure 5 . Essentially, the equivalent viscous damping varies as a (third order) polynomial function of current. However, this approach to characterizing the damper linearizes the damper to be an ideal dashpot at every operating condition, so that C eq is a function of both the input current I, and the displacement amplitude, X 0 .
Complex stiffness
A second approach is to characterize the complex damper stiffness, K * , as the in-phase or storage stiffness, K , and quadrature or loss stiffness, K , so that
where η is the loss factor. This is a common approach in the characterization of elastomeric dampers [3, 10, 11, 12] . Alternatively, K is the effective or equivalent stiffness, while K /Ω is the equivalent viscous damping, of the damper. To determine the damper force,
Here F 1c and F 1s are the cosine and sine Fourier coefficients of f (t) at frequency Ω. We assume that the displacement is sinusoidal where X 1c and X 1s are the cosine and sine Fourier coefficients of x(t) at frequency Ω. Substituting x(t) into the force equation and equating the sine and cosine terms, yields the in-phase and quadrature stiffnesses as
In general, this calculation would be performed for a sweep in the oscillation frequency, Ω. In our case, we are examining only a single harmonic excitation. The quadrature stiffness of the damper is related to the equivalent viscous damping in an approximate way by
The relation is approximate because the complex stiffness considers only the harmonic at frequency Ω.
Effect of displacement
Based on the above characterizations of equivalent viscous damping and complex modulus, the effect of varying displacement on these linearized quantities can be quantified. For fixed applied current (magnetic field), the damping decreases as the displacement increases. As the displacement increases at the fixed frequency of Ω, the velocity increases, so that the damper operates more in the postyield region than for lower displacements. However, the shape of the force vs. velocity hysteresis cycle remains nominally the same as a function of applied current (magnetic field) and stroke. 
Nonlinear damper models
We discuss four perspectives with which to describe the behavior of the MR damper for oscillatory sinusoidal loading conditions: (1) nonlinear Bingham plastic model [13, 14] (2) nonlinear biviscous model [15] , (3) a nonlinear hysteretic biviscous model, and (4) nonlinear viscoelastic-plastic model. The first three models are piecewise continuous in velocity, while the fourth model is piecewise smooth in velocity. These models increase in complexity by adding progressively more parameters, and are piecewise continuous models of MR damper hysteresis behavior. The piecewise continuous nonlinear hysteretic biviscous model can be used to motivate our nonlinear piecewise smooth viscoelastic-plastic model [16, 17, 18] , and to improve the parameter optimization procedures used to identify its parameters.
Other generalized hysteresis models have been proposed for MR dampers of this type, such as BoucWen hysteresis models [19, 20] . However, our objective is to improve understanding of force vs. velocity damper behavior by developing a constitutive or mechanisms-based modeling perspective.
Bingham plastic model
By adding a yield force to a linear damping model, the nonlinear Bingham plastic model results. This shear flow mechanism has been used to develop predictive models assuming both parallel plate geometry [21, 22, 23, 24] or axisymmetric geometry [8, 9, 25] . Yield force, F y , and post-yield damping, C po , are included in the model. A schematic of this model is shown in Fig. 8a . The equations describing this constitutive model are
The nonlinear Bingham plastic model is often expressed as
The model assumes that in the pre-yield condition, the material is rigid and does not flow, hence, when |f (t)| < F y the shaft velocity, v = 0. Once the force applied to the damper exceeds the yield force, then the fluid begins to flow, and the material is essentially a Newtonian fluid with a non-zero yield stress, as shown in Fig. 8a . In this constitutive model, the yield force is obtained from the post-yield force vs. velocity asymptote intercept with the force axis, as shown in Fig. 8a .
Nonlinear biviscous model
Rather than assuming that the MR fluid is rigid in the pre-yield condition, we adopt the nonlinear biviscous model developed by Stanway et al [15] where it is assumed the the MR fluid is plastic in both the pre-yield and the post-yield conditions. However, the pre-yield damping, C pr , should be assumed to be much greater than the post-yield damping, C po , or C pr > C po . In this constitutive model, the yield force is still represented by the post-yield force vs. velocity asymptote intercept with the force axis, as shown in Fig. 8b .
where the yield velocity is given by 
Nonlinear hysteretic biviscous model
Based upon damper behavior observed during testing, the force vs. velocity behavior shows a distinct pre-yield hysteresis. A four parameter nonlinear hysteretic biviscous model is introduced that has a clear physical motivation. The nonlinear hysteretic bivicous model is an extension of Stanway at al's nonlinear biviscous model [15] with an improved representation of the pre-yield hysteresis. This is accomplished by adding another parameter, that is, the zero force velocity intercept, v 0 , to the three prior parameters: the pre-yield viscous damping, C pr , the post-yield viscous damping, C po , and the yield force, F y . The equations of the piecewise continuous nonlinear hysteretic biviscous model are
The hysteresis cycle is separated into two groups of equations. The first group of three equations are for positive acceleration, while the second three are for negative acceleration.
Nonlinear viscoelastic-plastic model
As shown by the experimental force vs. velocity hysteresis cycle data in Fig. 3b , there are two distinct rheological domains over which the dampers operate: the pre-yield and post-yield regions. The pre-yield region exhibits a strong hysteresis, which is typical of a viscoelastic material. The post-yield region is plastic with a nonzero yield force, as in the nonlinear Bingham-plastic, biviscous and hysteretic biviscous models. The yield force varies as a function of the applied current (magnetic field), as observed from Fig. 3 . We now describe the structure of the nonlinear viscoelastic-plastic model, a block diagram of which is depicted in Fig. 9 .
Preyield mechanism
The Kelvin chain element shown in Figure 10a , is used as the mechanical analog representing the viscoelastic behavior of the damper in the preyield region. The differential equation representing this mechanism in the time domain is 
where Ω is the excitation frequency. The nonlinear shape function S ve is the pre-yield switching function which along with an analogous post-yield switching function, S vi effects the smooth transition from the pre-yield phase to the post-yield phase. The function S ve is dependent on the yield velocity v y that is chosen during the estimation process. S ve is given by
where v(t) is the instantaneous velocity, v y is the yield velocity, and y is a smoothening parameter. Thus, the force component due to the pre-yield mechanism is given by
Postyield mechanism
In post-yield, the damper clearly behaves as a viscous damper with a non-zero yield force. The postyield mechanical analog, denoted by L vi in Fig. 9 , is the viscous mechanism. A mechanical analog of this component can be represented as shown in Fig. 10b . Thus, the post-yield force component is given by
S vi is similar to the shape function S ve where S vi acts as a switching function to turn on the post-yield viscous mechanism when the damper force exceeds the yield force. It is given by
Thus, the force component due to the post-yield mechanism is given by
Yield force
The yield force, F c , is a function of the applied field and is the field dependent parameter that provides the damper with its semi-active capabilities. The Coulomb force or yield force effect seen in the damper behavior at low velocity are described using the yield force parameter F c and the shape function S c as given by the equation
where v(t) is the velocity amplitude and c is the smoothening factor that ensures smooth transition from the negative to postive velocities and vice versa. The force component due to the yield force is given by
Mechanisms-based model
For a sinusoidal displacement input, the force output of the nonlinear viscoelastic-plastic model is written as
or, the total force is a nonlinear combination of the forces from each of the linear mechanisms. The viscoelastic plastic model takes the novel approach of combining linear mechanisms using nonlinear shape functions. In addition, the pre-yield and post-yield mechanical analogs, the shape functions, the yield force effect, and nonlinear combination of these component forces to obtain the total predicted force, are based on observed damper behavior.
Parameter optimization
Parameter optimization procedures were developed to identify the parameters associated with the hysteresis models described above.
Nonlinear hysteretic biviscous model
The parameters of the three piecewise continuous models, C pr , C po , F y , and v 0 , were identified as a function of applied current (magnetic field) and displacement, using a constrained least mean squared (LMS) error minimization procedure using MAT-LAB subroutines. Only a single optimization procedure is required to identify the parameters of the nonlinear hysteretic biviscous models, the parameters of which are used for all three nonlinear models: Bingham-plastic, biviscous, and hysteretic biviscous. A cost function, J, was defined as
wheref (t k ) is the force calculated using the equations of the nonlinear hysteretic biviscous model from Eq. 15, f (t k ) is the measured force, t k is the time at which the kth sample was taken. The four parameters of C pr , C po , F y , and v 0 , are estimated so as to minimize the cost function, J. The values of C pr , C po , F y , and v 0 are all constrained to be greater than zero, and C pr > C po . The parameter optimization is performed for each testing condition of applied current and sinusoidal displacement input amplitude.
Nonlinear viscoelastic-plastic model
The parameters of the nonlinear viscoelastic-plastic model are a function of applied field and displacement, C ve , K ve , C vi , F c , and v y , y , and c . These parameters were identified using a constrained LMS error minimization procedure using MATLAB subroutines. The cost function, J, was defined as
wheref (t k ) is the force calculated using the equations of the nonlinear viscoelastic-plastic model, f (t k ) is the measured force, and t k is the time at which the kth sample was taken. The seven parameters of the model are estimated so as to minimize the cost function, J, while being constrained to being greater than zero. The parameter optimization is performed for each testing condition of applied current and sinusoidal displacement input amplitude. An important problem is selecting the initial conditions for the optimizer. The initial conditions selected for the optimizer are based on the values calculated from the nonlinear hysteretic biviscous parameter optimization:
The initial conditions for the smoothening parameters were given by y = 0.5 and c = 0. 5 (30) and the initial conditions of the pre-yield mechanism parameters, K ve and C ve , were selected to be a small positive number.
Modeling results
The results of the parameter optimization results are presented. These parameters are then used in their respective models, and the hysteresis cycles are reconstructed and compared to test data.
Piecewise continuous models
In Fig. 11 , the four parameters of pre-yield damping, C pr , post-yield damping, C po , zero force velocity intercept, v 0 , and yield force, F y , are plotted vs. current for the four Ω=2.0 Hz sinusoidal amplitudes of 1.25 mm, 2.54 mm, 5.08 mm, and 7.62mm (0.05, 0.1, 0.2, and 0.3 inches) tested in this study. Although there is a dependence of these parameters on the displacement, it is interesting to note that the variation of the yield force with displacement is relatively small. As a function of applied current, a second-order polynomial accurately fits the parameters of C pr , C po , and F y , while the velocity intercept, v 0 , requires a fourth-order polynomial. The parameter functions were then used to predict the hysteresis cycles of both force vs. velocity and force vs. displacement, for various testing conditions.
For the nonlinear Bingham plastic model, the comparison of modeled and experimental force vs. displacement and force vs. velocity is shown in Fig. 12 for applied current of I = 0.5 A and displacement amplitude of X 0 = 5 mm. By adding a yield force to the post-yield viscous damping, the Bingham plastic model accurately represents the the post-yield behavior, with a rigid pre-yield characteristic that is not representative of the true pre-yield behavior.
For the nonlinear biviscous model, the comparison of force vs. displacement and force vs. velocity is shown in Fig. 13 for applied current of I = 0.5 A and displacement amplitude of X 0 = 5 mm. The rigid pre-yield of the Bingham plastic model is replaced by a viscous pre-yield mechanism in order to have a more realistic pre-yield behavior. However, the pre-yield hysteresis is still not captured by the model.
For the nonlinear hysteretic biviscous model, the force vs. displacement and force vs. velocity hysteresis cycles are shown in Fig. 14 and Fig. 15 applied current of I=0.5 A, and for all four displacements 1.25 mm, 2.54 mm, 5.08 mm, and 7.62mm (0.05, 0.1, 0.2, and 0.3 inches) tested in this study. Of the piecewise continuous models, the nonlinear hysteretic biviscous model most accurately represents the force vs. velocity behavior, including the preyield hysteresis.
Piecewise smooth models
The nonlinear viscoelastic plastic model parameters were identified using an LMS technique, however, the plots showing these parameter variations with applied current and displacement are omitted for brevity.
The parameters were then used to reconstruct the hysteresis cycles of both force vs. velocity and force vs. displacement, for the testing conditions of I=0.5 Amps, and for all four displacements 1.25 mm, 2.54 mm, 5.08 mm, and 7.62mm (0.05, 0.1, 0.2, and 0.3 inches) tested in this study. The resulting force vs. displacement and force vs. velocity hysteresis cycles are shown in Fig. 16 and Fig. 17 . The nonlinear viscoelastic plastic model very accurately reconstructs the force vs. velocity behavior, including the pre-yield hysteresis. Also, the force vs.displacement data is also accurately reconstructed.
Energy Dissipation
Of critical importance is the prediction of damping or energy dissipation. Here, we evaluate how well the nonlinear models predict the energy dissipation because the cost function for the parameter optimization techniques was the least mean squareerror in the prediction of the force time history, and not the energy dissipation. The force vs. displacement hysteresis cycle behavior is represented equally accurately by the three nonlinear piecewise continuous models, but the nonlinear viscoelastic plastic model is a much improved model. To illustrate this, consider the energy dissipated during a single cycle of oscillation.
In Fig. 18 , the energy calculated from test data is plotted against the energy calculated using the simulated velocity and force, for all test conditions at 2.0 Hz. All nonlinear models accurately match the energy dissipation per cycle, even though the predicted force vs. velocity hysteresis behavior varies significantly between the models. Essentially, the post-yield behavior of the damper plays the largest role in describing the energy dissipation, where the velocity is greatest. All of the pre-yield behavior occurs at relatively lower velocity, making less of an impact on the damping performance. However, as shown in Fig. 19 , the mean error in predicted energy dissipation per unit cycle for all test conditions for the nonlinear Bingham plastic model is 6.35%, for the nonlinear biviscous is 6.03%, and for the nonlinear hysteretic biviscous model is 6.06%. For the nonlinear viscoelastic-plastic model, the mean error in the predicted energy is less than 0.01% for all op-erating conditions considered. This is a two order magnitude improvement in energy dissipation prediction accuracy.
Conclusions
An MR damper was characterized using equivalent viscous damping and complex stiffness. Four nonlinear models were then proposed as the underlying model structure of a system identification procedure using experimental force vs. displacement and force vs. velocity hysteresis cycle data. model [16, 17, 18 ] is a piecewise smooth version of the nonlinear hysteretic biviscous model, which differs in that it is piecewise smooth in velocity. Force vs. displacement and velocity hysteresis cycles were accurately reconstructed using this model. The energy dissipation predictions were far better for the NVEP model than for any of the other nonlinear models considered. 6.03% Figure 19 : The error in the energy calculated from the model is compared to the measured energy per cycle for all test conditions at 2.0 Hz.
